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Abstract. We investigate the role of a finite surface tension during the
time-evolution of fluctuations in the net-baryon density. The systems in
this study undergo a temperature evolution across the phase transition
in the critical region of the QCD phase diagram. The occuring non-
equilibrium effects are discussed.
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1 Introduction
The search for the conjectured critical point associated with the deconfinement
and chiral phase transition in the QCD phase diagram has received tremendously
increasing attention in recent years, both theoretically and experimentally. In
order to identify potential signatures of the critical point in experimental data a
firm understanding of the dynamics of critical fluctuations during the evolution
of matter created in heavy-ion collisions is crucial. For the net-baryon density nB
as the slow critical mode [1] this dynamics is governed by diffusion processes.
The time-evolution of fluctuations in nB, which are expected to be enhanced
in the critical region [2,3], can therefore be modeled by a stochastic diffusion
equation. Numerical simulations of the diffusion of critical fluctuations both on
the crossover [4,5,6] and first-order phase transition sides of the critical point
have been performed recently for one spatial dimension. In these studies, non-
equilibrium effects [7,8,9,10] such as retardation or critical slowing down have
been observed quantitatively.
In this talk, we study the time evolution of net-baryon density fluctuations
across the phase transition in the crossover domain near the critical point. We
look at the local variance, i.e. the variance of event-by-event fluctuations over
the size of a fluid cell. In continuum it is related to the zero-distance value of
the two-point correlation function. We numerically solve the stochastic diffusion
equation in the form
∂tnB(x, t) =
D
nc
(
m2∇2xnB −K∇4xnB
)
+
√
2Dnc/A∇xζx(x, t)
+D∇2x
(
λ3
n2c
(∆nB)
2 +
λ4
n3c
(∆nB)
3 +
λ6
n5c
(∆nB)
5
)
. (1)
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Here, ∆nB = nB − nc with a critical density of nc = 1/(3 fm3). Equation (1)
describes the dynamics of the critical fluctuations in one spatial, the longitu-
dinal, dimension which is not coupled to the physics in the transverse area
A. Accordingly, the covariance of the white noise reads 〈ζx(x, t), ζx(x′, t′)〉 =
δ(x−x′)δ(t− t′). This ensures that the long-time equilibrium distribution of nB
is governed by the free energy of the system in agreement with the fluctuation-
dissipation theorem.
The particular form of Eq. (1) is based on a free energy functional which
contains apart from a Gaussian mass term, where m2 is inversely connected
with the correlation length ξ, also a kinetic energy term with surface tension
K and non-linear coupling terms which are proportional to λi. This is valid in
the vicinity of the critical point and may still be improved by including further
regular contributions. The dependence of the coupling coefficients on ξ is de-
fined by universality [1] through the mapping of the 3-dimensional Ising spin
model onto an effective potential [11] and the dependence of ξ on temperature
T and baryo-chemical potential µB in QCD can be determined by a matching
to the susceptibility of the spin model scaling equation of state [12] as explained
in [13,14]. The numerical results presented in this work depend on the values of
the dimensionless couplings λ˜i and the diffusion coefficient D.
The stochastic diffusion equation (1) allows us to contrast three distinct
physical cases: the Gauss model with K = λi = 0 and m
2 6= 0 which was
studied in detail in [5], the Gauss+surface model for which also K 6= 0, and the
Ginzburg-Landau model as considered in [6] for which we exemplarily choose
λ˜3 = 1, λ˜4 = 10 and λ˜6 = 3 for the dimensionless couplings. In the numerical
implementation we apply a semi-implicit scheme for the Ginzburg-Landau model
and an implicit scheme for the other two. Exact net-baryon number conservation
is ensured by imposing periodic boundary conditions.
2 Time evolution of the variance
To study the time evolution of fluctuation observables such as the local variance
σ2, we consider a system of temporally evolving but spatially constant T which is
otherwise static, i.e. of a fixed finite size L = 20 fm. The temperature cools down
following T (τ) = T0 (τ0/τ) where we start from T0 = 0.5 GeV with equilibrated
initial conditions at τ0 = 1 fm/c. Correspondingly, D(τ) = D(τ0)T (τ)/T0. At
τ − τ0 = 2.33 fm/c the pseudo-critical temperature is reached.
Let us first focus on the Gauss+surface model. For this model analytic ex-
pressions for the long-time equilibrium value of the local variance at fixed T can
be derived both in the continuum and in discretized space-time. In the latter case
the result depends on the employed resolution ∆x = L/Nx with Nx considered
lattice sites and reads σ2 = n2c e
−∆x
√
m2/K/(2A
√
m2K). In equilibrium, physical
observables such as σ2 are independent of the diffusion coefficient D. As the tem-
perature cools down, the system falls out of equilibrium as a consequence of this
dynamics and the time-evolution of σ2 becomes sensitive to the value of D. This
is illustrated in Fig. 1. One observes that with decreasing diffusion coefficient
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Fig. 1. Comparison of the time-evolution of the local variance σ2 for the Gauss+surface
model for different diffusion coefficients D/fm = 1, 0.1, 0.01 at τ0 = 1 fm/c. The critical
temperature Tc is reached at τ − τ0 = 2.33 fm/c.
finite-range fluctuations are not formed fast enough and as a consequence their
magnitude is reduced during the time evolution. Similar observations have been
reported for the Gauss model in [5]. Here, even for D(τ0) = 1 fm the maximum
of σ2 is reduced by a factor of 2 compared to the equilibrium value at Tc due to
non-equilibrium effects. The temporal evolution of T is much larger than the dif-
fusion rate. Moreover, this maximum is shifted towards later times, i.e. smaller
T than Tc, where this retardation effect becomes stronger with decreasing D.
In Fig. 2 we contrast the impact of the time-evolution of T on the behavior
of the local variance for the three different physical models. One observes that
the non-equilibrium effects are larger once a finite surface tension is included
because it takes more time to build up the finite correlation length associated
with K. The local variance in the Gauss model reaches almost its equilibrium
value at T = Tc, see [5], while it is significantly reduced once K 6= 0. Moreover,
it is interesting to point out another effect of finite K: the local variance at a
temperature away from Tc is not suppressed as much as it is the case in the
Gauss model. The retardation effect is larger for the models with K 6= 0, as the
maximal value of the local variance is shifted to T < Tc.
3 Conclusions and outlook
In this work, we have outlined the importance of finite-range correlations associ-
ated with the presence of a surface tension K in models describing the diffusion
of net-baryon density fluctuations. The time needed to build up these correla-
tions can be important and of the same order as the cooling time, which leads
to important non-equilibrium effects.
In future work, the expansion of the system, e.g. in a Bjorken geometry,
will be added and second-order relaxation equations will be applied in order
to guarantee causality and prepare a future embedding in full fluid dynamical
simulations of heavy-ion collisions.
4 M. Bluhm and M. Nahrgang
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  1  2  3  4  5  6
σ
2 /σ
2 eq
τ−τ0 [fm]
Gauss
Gauss+surface
Ginzburg−Landau
Fig. 2. Comparison of the time-evolution of the local variance σ2 scaled by its equi-
librium value σ2eq at T = Tc for different forms of the stochastic diffusion equation
(Gauss, Gauss+surface and Ginzburg-Landau models) and D(τ0) = 1 fm. The equi-
librium value has been calculated for a static box of length L = 20 fm at constant
temperature in the long-time limit.
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